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Here are some powerful techniques in solving questions with sequences.

1 Linear recurrences

1.1 Linear Homogeneous Recurrences

Example 1: a2 = 3a,4+1 — 2a,, where ap =0, a; = 1.

We start with the ansatz a,, = ™. This gets us

gt = 3"t — 2"
2 —324+2=0

(x—1)(z—-2)=0

Hence we conclude that a,, = 2™ and a,, = 1™ are solutions to the recurrence relation. Notice that any linear
combination of these two solutions is also a solution to the recurrence. So the general solution to the recurrence
is a, = A2"™ 4+ B1" for some constants A and B. Since ag = A+ B =0 and a; = 2A + B = 1, we conclude that
A =1, B= —1. Hence, the solution to this recurrence is a,, = 2" — 1.

Example 2: a,45 = 4a,41 — 4a,, where ag = 1, a; = 6.

Using the same ansatz, we get the equation (z — 2)? = 0. Notice that we now have a root with multiplicity. So,
alongside the usual solution of a,, = 2", we also have the solution a,, = n2" (If it was a triple root, then we have
the solution a,, = n?2", etc (check it!)). As before, the general solution is a,, = (A + Bn)2" for some constants
A, B, where we deduce A = 1 and B = 2 via the initial conditions. Thus, the solution is a, = (1 + 2n)2".

Exercises: Find the general term.
1. ap+3 = 6ansa — 1lays1 + 6ay,, where (ag, a1, a2) = (—1,0,4).
2. Upt+3 = Apag + Gpy1 — ap, where (ag,a1,a2) = (2,2,6).
3. F,yo=F,y1 + F,, where (Fy, F1) = (0,1).

Problems:

1. Find the general term of the fibonacci sequence F,i19 = F,11 + F, Fo = 0,F; = 1. Hence show that

F,11/F, — ¢, where ¢ = 1+T\/5 is the golden ratio.

2. Show that the general term of a2 = an+1 — a,, where (ag,a1) = (0,1) is a,, = % sin (”—3”)



3. Let {a,} be a positive sequence such that a,4+2 = —an41+ 2a,. Show that a,, must be a constant sequence.
4. Let {an} be an integer sequence such that 2a,, 12 = 5a,4+1 — 3a,. Show that a,, must be a constant sequence.

5. Let {a,} be a real valued sequence such that a,42 — ka,+1 + a, = 0, for some real number |k| < 2. Prove

that a,, is bounded.
6. Find all functions f: R* — RT such that f(f(z)) = —4f(z) + 5x.
7. Find all functions f: RT — RT such that f(z) >z and f(f(z) — z) = 2z.
8. (ISL 2010 A5) Find all functions f : Q* — Q¥ such that f(f(x)%y) = 23 f(zy).

9. (China 2017) The sequences {u,} and {v,} are defined by w42 = 2uy11 — 3uy, where (ug,u1) = (1,1) and
Upt3 = Unt2 — 3Uny1 + 27v,, where (vg, v1,v2) = (a,b,c¢). There exists a positive integer N such that for

any n > N, u, divides v, . Prove that 3a = 2b+ c.

1+v5

5~ and mark a point Py on it. Going clockwise,

10. (SMMC sample) Consider a circle with circumference
you mark the points Pj, Py, --- for every unit arc length. Suppose you terminate at step n, after you mark

the point P,. Show that if P;, P; are adjacent on the circle, then |i — j| is a Fibonacci number.

1.2 Linear Inhomogeneous Recurrences

These are sequences with linear a,, terms, with along with some functions of n. The homogeneous version of
the recurrence gives the general part of the solution, while you need a particular solution to take care of the
inhomogeneous part (this is where you need to be smart).

Example 1: a,+1 = 3a,, — 2, where qp = 0.

The homogeneous version, a,+1 = 3a, has an easy general solution a,, = A3". We can guess a particular solution
to the original equation, which is a,, = 1. Thus, the general solution is a,, = A3™ + 1, where we tweak A = —1 to
match the initial condition. Thus, the solution is a,, =1 — 3.

The methodical way to do this is to rearrange the original equation to a,+1—1 = 3(a, —1), and define b,, = a,, — 1.
Then the b, recurrence is b,11 = 3b,,, etc. Sometimes guessing is not that easy, so these substitutions are useful.
Example 2: a,, — 5a, = 5"!, where ay = 0

Divide both sides with 571! to get ‘512% — g = 1. Define b, = 2, then we get b, 11 — b, = 1, with by = £§ = 0.
This is yields b, = n, so we conclude a,, = n5".

Problems:
1. any1 — Ha, = (2n + 1)5"TL, where ag = 0.

2. (AMO 2015) Define the sequence {a,} such that api2 = 2ap41 — ayn + 2 with (ag,a1) = (4,7). Show that

Gnan+1 is always a term of the sequence.

3. (102 PiC) How many subsets of {1,2,3,---,2020} has the property that the sum of its elements is a multiple
of 57



1.3 First Order Multi-variable Homogeneous Recurrences

Sometimes you have more than one sequence working in tandem to define each other.

Example: Find the number of binary sequences of length n such that there does not exist consecutive zeros.
Let a,, b, be the number of binary sequences of length n ending with 0 and 1 respectively. As there cannot be
consecutive zeros, we have a,+1 = b, (every sequence counted in a,11 is a 0 subtended to a b, sequence) and
bp+1 = an + by, (every sequence counted in b,y; is 1 subtended to a a,, or b, sequence).

Since we're only interested in the sum x,, := a, + b,, let us inspect this instead.
Ty = Ap + bn =bp_1+ bn = (an72 + bn72) + (anfl + bnfl) =Tp—2+ Tp-1

Hence the recurrence is the Fibonacci recurrence.

What if the double-recurrence isn’t nice enough so that such manipulations are not immediately obvious?

Gn+1 0 1 an, G 0 1
Our double recurrence can be expressed as = . Let x, = and A =
bnt1 11 by, by, 11

Then xp,41 = Ax,. Thus, our general form becomes x, = A"xg. The real task is figuring out how to find A™ in
a reasonable amount of time. You can diagonalise the matrix such that A = PDP~! for some diagonal matrix D
(which means we can find D" easily), so we get A" = PD"P~! which is actually solvable (details not included

for sanity; look up how to diagonalise a matrix).

1.4 Pell equations

In number theory, this is a Pell equation: z? — dy? = 1 for a non-square number d.
Example: 22 — 2y? = 1.
We need an initial solution. There is no method to find this, so good luck with your guesses. In this case,

(z,y) = (3,2) is a solution. Let (z,,y,) be a solution to the equation. Then we do a weird factorisation.

(@ — YnV2) (@0 + ynV2) = 1
(3-2vV2)(3+2v2) =1

Multiplying the terms at their respective locations,
((3Tp + 4yn) — (22 + 3yn)V2)((3zp + 4yn) + (22, + 3yn)V2) = 1

So we see that (Z,41, Yn+1) = (3xn + 4yn, 22, + 3yn) is a new solution to this Pell equation.

Before you start to write matrices, look a bit closer on how we generated the solutions. z, & y,v2 = (3 £2/2)".

(3+2V2)" + (3 —2V2)" (3+2v2)" — (3 —2v2)"

‘rn n
2 22

Problems:

1. (AMO 2020) Sequences {ay,} and {b,} satisfy a1 = b; = 1 and an11 = zzﬁ and b1 = & + i Show

that bn+1 = Q2n.

2. (Crux) Tpio = Tpp1/22 + 1+ 25y /$%+1 + 1 satisfies g = 21 = 1. Find its general form.

3. (Jongmin) Positive integers x,y satisfy 22 = (3y +4)(y + 1). Find all solutions.



2 Telescoping

We want to turn the summation or product into the following forms to simplify nicely.

n
E Ak — Gkg—1 = Gp — Qg
k=1

I,
ao

ap—
k:lkl

Exercises:

. . 1 1 1
1. Simplify 55 + 555+ + 5999%10000

[\

3. Simplify Zio:107 (kz-s;)

4. Simplify [Ti—y 1516

5. Prove that 1.58 < > 7 | =43 < 1.75
Problems:

1. (Balkan 2016) Find all injective functions f : R — R such that for z € R and n € Z*,

n

Zi(f(eriJrl)ff(f(eri))) < 2016

2. (ISL 2015) Suppose that a sequence ay, as, ... of positive real numbers satisfies

a > kak
Rl = a? +(k—1)

for every positive integer k. Prove that a1 + as + ...+ a, > n for every n > 2.

3. (USAMTS) Determine the value of

2016 1 1
— 14 — 4=
S 1;1 T Rre

4. (CMC 2020) Let ay,az,as... be the sequence of positive real numbers such that for each n € Z¥,

aL+as+ - ap >\/a%+a§+---+ai+1

n n+1

Show that {a,} is a constant sequence.



3 Convergence

Completeness axiom of real numbers: Every subset S C R with an upper bound has a least upper bound in
R, also known as the supremum s. Note that this axiom does not necessitate that s € S.

Exercises:
1. Let A={n € Z* |1 —27"}. What is the supremum s of A? Is s an element of A?

2. Show that every subset S C R with a lower bound has a greatest lower bound in R, also known as the

infimum.

3. Show that this property does not hold for Q. Can you think of an example of a bounded subset of QQ that

does not have a supremum in Q?
4. Show that every monotonically increasing sequence with an upper bound converges to a finite limit.
5. Show that every monotonically decreasing sequence with a lower bound converges to a finite limit.
6. Let ap =2 and a1 = 5 + é Show that a,, converges. What is the limit?
Problems:
1. Let a, = (—2)" sinnf for some fixed 6 # 0. Show that for a,, is unbounded.

2. Let 0 < f(z) < 1 denote the fractional part of z; i. e. f(1.6) = 0.6, f(—4.2) = 0.8. Let a € R. Show that,
for any € > 0, there exists N € Z* such that 0 < f(Na) < e.

3. (Jongmin) Consider a sequence given by a,+1 = V2%, ag = 1.

(a) Show that {a,} converges. What is the limit? Why is the limit not 4?

(b) For which values of ag does {a,,} converge? What number does it converge to for each value of ag?

4. Let {a,} be decreasing positive sequence converging to zero. Define the sequence {S,,} by S, = >_1_,(—1)¥a,,.

Show that {S,,} converges.

1
5. (AMO 1989) u,, satisfies u; = 1, and ug +ug + ... u, = . Determine whether there exist m such that
Up 41

i u; > 1989
i=1

6. (SMMC 2017) Let a1, az,as ... be the sequence of real numbers defined by a; = 1 and for m > 2

1

R R S

Ay =
Show whether there exist N such that

ai +as+ -+ ay > 20172017



4 Generating functions

Given a sequence {a,, }, we consider a formal power series f(x) = ag+a1x+azx®+---. We call this the generating

function corresponding to the sequence {a,}. This is useful as we will see very soon.

4.1 How to get generating functions from sequences

Example 1: What is the generating function of a,, = 2™7

Indeed the generating function is f(x) = 1 + 2x + 422 + ---. For generating function purposes, we don’t really

1

care about the technicalities of convergence. We just use the geometric series formula to simplify f(z) = 1—5-.

Example 2: What is the generating function of a,, = n?

Start with the generating function f(z) = —— =14+ + 22 +---. We can differentiate both sides to obtain

11—z

o0

! _ 1 _ _ n
f(z)—m—1+2x+3x2+~~—2(n+1)x

n=0

However notice that our terms are off by one (we want ZZO:O nz™). We can fix this easily by multiplying = to
both sides. Thus the generating function is zf'(x) = ﬁ

Example 3: What is the generating function of a9 = 3a,4+1 — 2a, with a9 = 2 and a3 = 37

Let f(z) = ag + a1x + azx? + - - be the generating function. Then notice

f(z) = ag + a1x+asxr® + azx® + agxrt + - 4 ap 0" 4
xf(x) = apr+a12® + asx® + azzt + - 4 app1 2"+
2’ f(z) = apr”® + a12® + apx® + -+ + ana™ 4

According to the recurrence, most of the terms will cancel out in f(x) — 3z f(z) + 222 f(x). What terms are left?

f(z) =3z f(x) + 222 f(x) = ap + a1z — 3apr = 2 — 3
2—3x
1—-3x+2x2 "
_ 2—-3z

~ 1- 33+ 222
2—-3x
(1-2)(1 - 22)
1 1
1—= + 1-2z

Thus the generating function is f(x) = However, notice the following

f(z)

=(Q4+z4+22+-- )+ 1 +22 4422 +--)

=) (1+2")a"
n=0

Which is consistent with our understanding of this sequence, because the general term is indeed a, = 1 + 2".

Example 4: What is the generating function of a,+1 = Z—ﬁan with ag = 17

Let us try to match the terms.

T ay o az 3 as 4 an, ntl
t)dt = = = = _m
/Of() a0$+2$+3x—|—4x+ + n+1x +
zf(x) = aox + a12? + apa® + azxt + -+ ana™t 4.
f(l‘): a0+a1$+a2x2+a3x3+a4x4+...+ an+1$n+1+"-



Thus
| 10t +ap@) = 1) -
Setting F(z) = [ f(t)dt and ag =1

F4+aF' =F -1
dF

F+l=—(1-
+ dx( )
dz  dF
1—-2z F+1

—In(l—-2z)=mW(F+1)+C

When x = 0, we have F' = 0 by definition, thus C' = 0. Therefore

1
F+l=—-
+ 1—2z

Thus F(z) = 1%, so f(z) = ﬁ Notice that we recognise this from Example 2 to be the generating function
for a,, = n + 1. Indeed we can see this is the solution to the original sequence.

Exercises:
1. What is the generating function for a, = n2?
2. What is the generating function for a,, = n2"?

3. What is the generating function for the Fibonacci sequence given by F, 1o = Fj,41 + F,, and Fy = F} =17

4. What is the generating function for a,12 = a, + 2‘;’3:11 with ag = 0 and a; = 677

4.2 How to get sequences back from generating functions

Example 1: What is the sequence defined by the generating function f(x) = e*?

We use the Taylor series. The nla,, would be the constant term after differentiating n times.

1[dn 1, 1
ap = ol [dz”f(x)} - el [€"],=0 = ]
Thus f(z) defines the sequences a,, = 2.
Exercises:
1. Show that the sequence given by f(z) = 11_4r is a, = (27?)

2. Show that the sequence given by f(z) = —In(1 — ) is a, = £ for n > 1 and ag = 0.

4.3 How to use generating functions to count things

Let a,, as the number of ways to choose n things satisfying some condition, with power series f(z) = ag + a1z +
asx? + ---. Similarly let b, be the number of ways to choose n things satisfying another condition with power
series g(x) = by + byx + box? 4+ ---. One might ask, how many ways can we choose n things that satisfies both
conditions? We can choose k things satisfying the first condition, and n — k things satisfying the second condition,

and add it all up for £ =0 to k = n. If we call this ¢,, then we have

Cn = agbn +a1bp_1 + - ap_1b1 +anbo



Coincidentally, this is exactly what happens to polynomial coefficients when you mutliply them (wow!). Thus our
new generating function is h(x) = co + 1z + co2? + - - - = f(x)g(2).

Example 1: You have 1 apples, 2 bananas, 3 carrots. How many ways can you choose 4 things?

The gf for apples is a(r) = 1+, the gf for bananas is b(z) = 1+z+22 and the gf for carrots is c¢(z) = 1+x+z2+23.
The gf for the whole thing is a(z)b(z)c(z) = (1+z)(1+z+2?)(1+z+2? 4+ 23) = 26+ 32° +52* 4+ 623 + 52 + 3z + 1.
Since the coefficient for z* is 5, the answer is 5.

Example 2: How many ways can you choose k people out of a class of n people?

The gf for a single person is 14z, since there’s one way to choose zero people out of this one person, and one way to
choose one person out of this person (weird phrasing I know). Now, the gf for n people is (1+x)(14z) - (1+z) =

(14 x)™. We all know that the coefficient of the n-th term is (}}) which is indeed the answer.

Example 3: Let 2a,41 = n%rl(aoan +arap—1+ -+ ap—101 + anag) with ag = 2. What is agrer?

Let f(z) be the generating function. Then notice that
Cp = ApQp + A10n—1 + -+ Gp—101 + Apag

is the n-th term of f(x)2. Thus by comparing coefficients, we have

Solving this, we get f(z) = %, which shows that a,, = 2 for all n, so agrgr = 2.
Example 4: Let the Fibonacci sequence be given by F, 1o = F,,41+ F,, and Fy = F; = 1. What is ZZOZO F,27"7?

When the power series does converge, we can calculate interesting sums. The generating function is

1
— 2 _
and this indeed converges for # = 1. Therefore subbing in # = %, we have }_° | F,27" = F(3) = 4.

Exercises:

1. You have apples, bananas, carrots, and durians. You have to choose a multiple of 5 apples, even number of

bananas, at most 1 carrot and at most 4 durians. How many ways can you choose 2020 things?
2. Let a,, be the number of ways to pay for an n-cent item with 1,2,5 cent coins. What is Y~ ap37F?

3. At a supermarket, there are n different items. How many ways can you choose k things allowing repetition?

Use generating functions to show that this is ("Jr,’:*l).

Problems:
1. Let a, = (2:) Construct a recurrence formula for a,, and recover the generating function.

2. Consider ¢, to be the n-th Catalan number, which can be characterised as the number of ways to travel
from (0,0) to (n,n) along an integer grid by going right or up, without going above y = x. Using this

combinatorial description, find a recurrence for ¢, and find the generating function of c,.

3. (102 PiC) How many subsets of {1,2,3,---,2020} has the property that the sum of its elements is a multiple
of 57



4. An alternating permutation is a permutation of {1,2,---  n} such that a1 < as > a3 < aq > as---. How

many alternating permutations are there?

5. (SMMC 2018) For each positive integer n, consider a cinema with n seats in a row, numbered left to right
from 1 up to n. There is a cup holder between any two adjacent seats and there is a cup holder on the right
of seat m. So seat 1 is next to one cup holder, while every other seat is next to two cup holders. There are
n people, each holding a drink, waiting in line to sit down. In turn, each person chooses an available seat

uniformly at random and does the following:

(a) If they sit next to two empty cup holders, then they choose a cup holder at random and put their drink
in it
(b) If they sit next to one empty cup holder, then they place their drink in that cup holder.

(¢) Otherwise, they get angry.

Let p,, be the probability that no one gets angry. What is p; +ps +p3 +---7



